
PHYSICAL REVIEW B 1 JULY 1999-IVOLUME 60, NUMBER 1
Method for detecting subtle spatial structures by fluctuation microscopy
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Subtle spatial structures are often reflected on higher-order correlations. Fluctuation microscopy is a good
method for detecting such spatial structures in disordered materials, because the method detects the contribu-
tion of the fourth-order density distribution function. We propose an improvement for fluctuation microscopy
that increases its sensitivity to subtle spatial structures by enhancing the contributions of both the third- and the
fourth-order density cumulant functions to the observable. We demonstrate numerically that the proposed
method provides better detection of subtle structural changes than the original approach with improved stability
against experimental noise. Although we illustrate the method in terms of transmission electron microscopy, it
is not confined to this microscopy.@S0163-1829~99!07925-4#
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I. INTRODUCTION

Pair-correlation functions obtained from diffraction e
periments have been the most popular means to study sp
structure quantitatively. However, needless to say, not all
structural features can be captured by the second mome
the density distribution. For example, it is impossible to o
tain the distribution of the curvature of interfaces from t
pair-correlation function alone. Furthermore, subtle spa
structural changes are more often reflected on higher-o
correlation functions than the pair-correlation functio
Therefore, it is desirable to devise experimental techniq
that allow us to capture some aspects of correlation funct
of higher order than the pair-correlation function.

Recently, Treacy and Gibson1 demonstrated a method t
detect subtle spatial structural changes through variable
herence transmission electron microscopy~TEM!, a form of
fluctuation microscopy. They introduced the normaliz
speckle variance~NSV!, obtained from the mean and th
second moment of the kinematical coherent dark-field-im
intensity. Gibson and Treacy2,3 studied the annealing proces
of amorphous germanium with the NSV and successfu
detected structural changes that were hardly observab
the mean intensity~i.e., the pair-correlation function of th
density!. The sensitivity of the NSV is due to the highe
order correlation function contributions captured in the s
ond moment of the dark-field-image intensity.

There have been efforts to extract more information fr
diffraction experiments than the usual form factor and
two-body correlation function. For example, critical dynam
ics in Fe3Al and the equilibrium dynamics of block copoly
mer have been observed by x-ray intensity fluctuat
spectroscopy,4,5 and the Brownian motion of colloidal par
ticles in fluids has been observed by x-ray photon correla
spectroscopy.6,7 Numerical studies of scattering speckle fro
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phase ordering systems have demonstrated a scaling pro
of the two-time correlation function.8

However, these speckle-related studies do not pay
attention to the contribution of higher-order density corre
tions in the sample, which were the object of the effort
Gibson and Treacy. It is natural to attempt to improve th
approach by subtracting the lower-order distribution fun
tions as completely as possible from the second momen
the kinematical coherent dark-field-image intensity in ord
to further accentuate subtle structural changes. We thus
pose a quantity, the higher-order speckle cumulant~HSC!,
which maximally removes the contribution of the two-bod
correlation function. We demonstrate the power of the H
in detecting subtle structural changes with numerical exp
ments. The HSC changes more systematically with the m
nitude of changes to the structure than the NSV in our
merical experiments. We have also found that our propo
quantity is more stable against experimental noise than
NSV.

Fluctuation microscopy depends on microscopic imag
with diffracted radiation. The most readily available expe
mental realization of the HSC is dark-field TEM imagin
Thus, our explanation closely follows the TEM practic
However, the basic theory of diffraction from disordered m
terials and wave optics could be applied to other syste
such as the biaxial liquid crystal studied through ligh
scattering experiments. Moreover, although we restrict o
selves to two-dimensional samples in this paper for our
merical demonstration, the HSC should be applicable to b
materials of disorderd systems that may be studied with
aid of, e.g., neutron-scattering experiments.

In Sec. II, we briefly explain the TEM imaging termino
ogy and introduce the HSC and its empirical object~eHSC!.
A practical procedure to compute the eHSC from a TE
image is summarized in Sec. III. In Sec. IV, we demonstr
the power of the NSV and especially the eHSC in detect
subtle structural changes. Section V is a summary.
191 ©1999 The American Physical Society
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II. METHOD TO DETECT SUBTLE SPATIAL
STRUCTURES

The wave functionU(KW ,RW ) for kinematical coheren
dark-field imaging in a TEM can be shown to be9

U~KW ,RW !5f~KW !E dRW 8A~RW 2RW 8!c~RW 8!e2 iKW •RW 8,

~2.1!

where RW is a position vector in the image, andKW is the
average scattering vector accepted by the objective aper
c is the atomic density function that is defined over t
specimen andf(KW ) is the atomic scattering factor. The fun
tion A is the Fourier transform of the aperture function and
given by

A~RW !5E
uqW u,Q

dqW eiqW •RW , ~2.2!

whereQ is the radius of the objective aperture in reciproc
space andqW is a two-dimensional vector in the objectiv
aperture plane in reciprocal space. The TEM image is
course, the intensityuU(RW ,KW )u2.

In the case of a two-dimensional specimen~which we use
here as an approximation for real, thin samples!, bothKW and
RW can be replaced by two-dimensional vectorskW and rW that
lie in the specimen, becauseRW 2RW 8 in Eq. ~2.1! is a two-
dimensional vector. The explicit expression forA(rW) is given
in terms of the Bessel functionJ1,

A~rW !5pQ2
2J1~QurWu!

QurWu
. ~2.3!

Averaging over both the image area and an ensemble
structures, we obtain the mean coherent dark-field-image
tensity as

^^I ~kW !&&5
1

SE drW^uU~kW ,rW !u2&e ~2.4!

5
uf~kW !u2

S E drWE drW1E drW2A~rW2rW1!

3A~rW2rW2!r2~rW1 ,rW2!eikW•(rW12rW2), ~2.5!

where double brackets mean both spatial and ensemble
erages, single brackets with a subscripte mean ensemble
average,r2(rW,rW8)5^c(rW)c(rW8)&e is the two-body distribu-
tion function, andS is the area of the two-dimensional spec
men. We also consider the second moment of the im
intensity,
re.

s
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^^I 2~kW !&&5
1

SE drW^uU~kW ,rW !u4&e ~2.6!

5
uf~kW !u4

S E drW)
j 51

4 H E drW jA~rW2rW j !J
3r4~rW1 ,rW2 ,rW3 ,rW4!eikW•(rW12rW21rW32rW4), ~2.7!

where r4(rW1 ,rW2 ,rW3 ,rW4)5^c(rW1)c(rW2)c(rW3)c(rW4)&e is the
four-body distribution function.

The NSV is defined as

^^V~kW !&&5
^^I 2~kW !&&

^^I ~kW !&&2
. ~2.8!

We need no more than the image intensitiesuU(kW ,rW)u2 to get
the NSV. This quantity was previously used by Gibson a
Treacy. Their definition is the same as above except for
subtraction of 1. Since the functionA is extremely localized,
spatial averaging is assumed to play the roles of both sp
and ensemble averaging.

In order to extract higher-order spatial correlations,
subtract the lower-order correlation terms, which can be c
structed from the average density and the two-body distri
tion function, from^^I 2(kW )&& with the aid of the cumulant
expansion:10

r4~rW1 ,rW2 ,rW3 ,rW4!5c4~rW1 ,rW2 ,rW3 ,rW4!1r1~r 1!c3~rW2 ,rW3 ,rW4!

1r1~r 2!c3~rW1 ,rW3 ,rW4!

1r1~r 3!c3~rW1 ,rW2 ,rW4!

1r1~r 4!c3~rW1 ,rW2 ,rW3!

1r2~rW1 ,rW2!r2~rW3 ,rW4!

1r2~rW1 ,rW3!r2~rW2 ,rW4!

1r2~rW1 ,rW4!r2~rW2 ,rW3!

22r1~rW1!r1~rW2!r1~rW3!r1~rW4!, ~2.9!

where c4(rW1 ,rW2 ,rW3 ,rW4), c3(rW1 ,rW2 ,rW3) and r1(rW1) are the
four-body cumulant function, the three-body cumulant fun
tion and the density, respectively. In Eq.~2.9!, the two-body
distribution functionr2 is used instead of the two-body cu
mulant function for later convenience. Substituting Eq.~2.9!
into Eq. ~2.7! gives terms that depend only on lower-ord
correlations~two-body and the density!, which we group to-
gether aŝ ^I 2&&L , and terms that depend only on highe
order correlations~three- and four-body!, which we group
together aŝ ^I 2&&H
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PRB 60 193METHOD FOR DETECTING SUBTLE . . .
^^I 2~kW !&&H5^^I 2~kW !&&2^^I 2~kW !&&L . ~2.10!

^^I 2~kW !&&L5
2uf~kW !u4

S E drW H E drW1E drW2A~rW2rW1!

3A~rW2rW2!r2~rW1 ,rW2!eikW•(rW12rW2)J 2

1
uf~kW !u4

S E drWU E drW1E drW2A~rW2rW1!

3A~rW2rW2!r2~rW1 ,rW2!eikW•(rW11rW2)U2

2
2uf~kW !u4

S E drWU E drW1A~rW2rW1!r1~rW1!eikW•rW1U4

~2.11!

5
1

SE drW$2^uU~kW ,rW !u2&e
21u^U~kW ,rW !2&eu222u^U~kW ,rW !&eu4%.

~2.12!

We introduce a new quantity different from the NSV, th
HSC, defined by

^^H~kW !&&5
^^I 2~kW !&&H

^^I 2~kW !&&L

. ~2.13!

Let us consider the measurement of^^I 2&&H . Single ex-
periment in the TEM yields the image intensityuU(kW ,rW)u2.
The first term on the right-hand side of Eq.~2.10! is measur-
able ~as is the NSV!. The first term in Eq.~2.12! is also
measurable directly from the image, but the second and t
terms are not. Equation~2.11! shows that the third term ca
be calculated from the densityr1, which is measurable in a
TEM. That leaves the second term in Eq.~2.12!, which de-
pends on the two-body distribution functionr2 . r2 can be
measured from the diffraction pattern in a TEM, but th
requires a separate measurement from the image, with
attendant uncertainties. It would be preferable to calcu
^^I 2&&L completely from one image. The second term can
calculated from̂ ^I &&, if r2(rW,rW8) is assumed as a function o
rW2rW8,

r2~rW,rW8!5r2~rW2rW8!. ~2.14!

We will call the HSC obtained with this approximation em
pirical HSC ~eHSC!. Practitioners need not read the rest
this section, and can go to the practical procedure sum
rized in the next section.

To simplify the calculation and to remove ambiguity
the normalization, we assume real space and reciprocal s
rd

t
he
te
e

f
a-

ce

are both discrete. Due to the finite resolution of the act
imaging this should not cause any fundamental proble
We assume that space is anN3N ‘‘fictitious’’ lattice. We
introduce discrete vectorsXW 5(rW1rW8)/2 andRW 5rW2rW8 to de-
scribe rW and rW8. Ra , the a component ofRW , takes values
j 3a( j 52N11,2N12, . . . ,N21) and similarly Xa5
j 3a1 1

2 uRau ( j 51,2, . . . ,N), where a5x,y and a is the
‘‘lattice spacing’’ of the underlying fictitious lattice
^^I &&, ^^I 2&&, and^^I 2&&L are understood as sampled valu
at the underlying fictitious lattice~the sampling lattice!.
Thus, introduction of the fictitious lattice corresponds to t
actual data acquisition.̂uUu2n&e in Eqs. ~2.4!, ~2.6!, and
~2.12! is understood as a discrete Fourier transformat
given by

^uU~kW , jWa!u2n&e5
1

N2n)n51

n H (
jW2n21

(
jW2n

A~ jWa2 jW2n21a!

3A~ jWa2 jW2na!eikW•( jW2n212 jW2n)aJ
3r2n~ jW1a, jW2a, . . . ,jW2n21a, jW2na!

5F@ jW1a,kW #ˆF@ jW2a,2kW #

3$•••F@ jW2n21a,kW #ˆF@ jW2na,2kW #

3$A~ jWa2 jW1a!A~ jWa2 jW2a!•••

3A~ jWa2 jW2n21a!A~ jWa2 jW2na!

3r2n~ jW1a, jW2a, . . . ,jW2n21a, jW2na!%‰•••%‰,

~2.15!

where the two-dimensional discrete Fourier transformatio
denoted byF@ jW,kW #$•••% and defined as

F@ jWa,kW #$ f ~ jWa!%5
1

N (
j x51

N

(
j y51

N

f ~ jWa!eikW• jWa, ~2.16!

where the a component of kW equals 2p k̃a /(Na) @ k̃a
51,2, . . . ,N(a5x,y)#. This definition of the discrete Fou
rier transformation of̂ uUu2n&e includes the normalization
factor 1/N2n. Since both numerator and denominator in E
~2.8! and ~2.13! contain the same power ofU, the normal-
ization factor does not affect the magnitude of either
NSV or HSC. Spatial integration over the variablerW in Eqs.
~2.4!, ~2.6!, and~2.12! is replaced by the summation over th
sampling points with the volume elementdx25a2.

In order to computer2 from ^^I (kW )&&, discrete inverse
Fourier transformation of̂̂ I (kW )&& is defined as follows from
Eqs.~2.5! and ~2.16!:
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F21@zW,kW #$^^I ~kW !&&%5
1

N (
kW

^^I ~kW !&&e2 ikW•zW

5
a2

NS (
kW

(
jWa

^uU~kW , jWa!u2&ee
2 ikW•zW

5
1

N3 (
kW

(
jWa

uf~kW !u2

N2 (
jW1a

(
jW2a

A~ jWa2 jW1a!A~ jWa2 jW2a!r2~ jW1a2 jW2a!exp$ ikW•~ jW1a2 jW2a2zW !%

5
uf~kW !u2

N5 )
a5x,y

H (
k̃a51

N

(
Ra /a52N11

N21

(
Xa /a511uRau/(2a)

L2uRau/(2a) J
3(

jW
A~ jWa2XW 2RW /2!A~ jWa2XW 1RW /2!r2~RW !exp$ ikW•~RW 2zW !%, ~2.17!

where thea component ofzW takesa,2a, . . . ,Na (a5x,y), RW 5 jW1a2 jW2a, XW 5( jW1a1 jW2a)/2, and volume element divided
by the areaa2/S is equal to 1/N2. The functionA defined by Eq.~2.2! satisfies the following equation withrW a continuous
variable:

E
2`

` E
2`

`

drWA~rW2YW 1!A~rW2YW 2!5A~YW 12YW 2!. ~2.18!

In the case of discrete variables, we define a functionA2 such that

A2~YW 12YW 2!5 (
j x51

N

(
j y51

N

A~ jWa2YW 1!A~ jWa2YW 2!. ~2.19!

We may approximateA2 as a function ofYW 12YW 2 only, which has been confirmed numerically. Using Eq.~2.19!, Eq. ~2.17!
becomes

F21@zW,kW #$^^I ~kW !&&%5
uf~kW !u2

N5 )
a5x,y

H (
k̃a

(
Ra /a52N11

N21

(
Xa /a511uRau/(2a)

N2uRau/(2a) J A2~RW !r2~RW !exp$ ikW•~RW 2zW !%

5
uf~kW !u2

N5 )
a5x,y H (

k̃a

(
Ra

S N2
uRau

a D J A2~RW !r2~RW !exp$ ikW•~RW 2zW !%

5
uf~kW !u2

N3 H S N2
zx

a D S N2
zy

a DA2~zx ,zy!r2~zx ,zy!1S N2
zx

a D zy

a
A2~zx ,Na2zy!r2~zx ,Na2zy!1

zx

a S N

2
zy

a DA2~Na2zx ,zy!r2~Na2zx ,zy!1
zx

a

zy

a
A2~Na2zx ,Na2zy!r2~Na2zx ,Na2zy!J . ~2.20!

If periodic boundary conditions are used,r2 satisfies the same periodicity, so thatuf(kW )u2r2 is given by

uf~kW !u2r2~zW !5N3F21@zW,kW #$^^I ~kW !&&%Y FS N2
zx

a D S N2
zy

a DA2~zx ,zy!1S N2
zx

a D zy

a
A2~zx ,Na2zy!

1
zx

a S N2
zy

a DA2~Na2zx ,zy!1
zx

a

zy

a
A2~Na2zx ,Na2zy!G . ~2.21!
.

all

to
ed
The second term of̂^I 2(kW )&&L @Eq. ~2.12!# can now be cal-
culated by substitutinguf(kW )u2r2 in the second term of Eq
~2.11!. Although the functionA2 in the denominator does
have zero points, all four of theA2’s are never simulta-
neously zero and there is no difficulty.

This completes the approximate calculation of^^I 2(kW )&&H
from quantities derivable from a single TEM image. We c
the approximate HSC calculated in this way the eHSC.

III. PRACTICAL PROCEDURE TO OBTAIN THE eHSC

In this section we summarize the practical procedure
calculate the eHSC from a single experimentally obtain



la

s

in

PRB 60 195METHOD FOR DETECTING SUBTLE . . .
TEM image. Ensemble averages are assumed to be rep
by spatial averages in the practical procedure.

~1! Sample the TEM dark-field image intensitie
uU(kW , jWa)u2 at the sampling lattice points $ jWau j a

51,2, . . . ,N (a5x,y)% of the N3N square lattice.kW takes
the values$2p jW/(Na)u j a51,2, . . . ,N (a5x,y)%.

~2! Calculate^^I (kW )&& and ^^I 2(kW )&& using the following
formulas:

^^I ~kW !&&5
1

N2 (
jW

uU~kW , jWa!u2, ~3.1!

^^I 2~kW !&&5
1

N2 (
jW

uU~kW , jWa!u4. ~3.2!

~3! Calculate the three terms of̂̂ I 2(kW )&&L @cf., Eq.
~2.12!# as follows.

~a! The first term in^^I 2(kW )&&L is given by

1

N2 (
jW8

2H 1

N2 (
jW

uU~kW , jWa!u2J 2

52^^I ~kW !&&2. ~3.3!

~b! The second term in̂ ^I 2(kW )&&L is calculated in the
following three steps.

~i! First, discrete inverse Fourier transform the^^I (kW )&& as
follows:

F21@zW,kW #$^^I ~kW !&&%5
1

N (
k̃x51

N

(
k̃y51

N

^^I ~kW !&&e2 ikW•zW,

~3.4!
cedwhere thea component ofzW takesa,2a, . . . ,Na and ka

52p k̃a /(Na) ( k̃a51,2, . . . ,N).

~ii ! Next, use Eq.~2.21! to computeuf(kW )u2r2. That is,
use the following formula reproduced for convenience:

uf~kW !u2r2~zW !

5N33F21@zW,kW #

3$^^I ~kW !&&%Y FS N2
zx

a D S N2
zy

a DA2~zx ,zy!

1S N2
zx

a D zy

a
A2~zx ,Na2zy!

1
zx

a S N2
zy

a DA2~Na2zx ,zy!

1
zx

a

zy

a
A2~Na2zx ,Na2zy!G . ~3.5!

~iii ! Finally, substitute that into the second term

^^I 2(kW )&&L to yield

1

N2 (
jW

uG~ jWa,kW !u2, ~3.6!

where
G~ jWa,kW !5F@nW a,kW #H (
mx51

nx21

(
my51

ny21

A~ jWa2mW a!A~ jWa2nW a1mW a!uf~kW !u2r2~2mW a2nW a!~12dnx,1!~12dny,1!J
1F@nW a,kW #H (

mx51

nx21

(
my50

N2ny

A„~ j x2mx!a,~ j y2my2ny!a…A„~ j x1mx2nx!a,~ j y1my2N!a…

3uf~kW !u2r2„~2mx2nx!a,~2my1ny2N!a…~12dnx,1!J
1F@nW a,kW #H (

mx50

N2nx

(
my51

ny21

A„~ j x2mx2nx!a,~ j y2my!a…A„~ j x1mx2N!a,~ j y1my2ny!a…

3uf~kW !u2r2„~2mx1nx2N!a,~2my2ny!a…~12dny,1!J
1F@nW a,kW #H (

mx50

N2nx

(
my50

N2ny

A~ jWa2mW a2nW a!A~ jWa2mW a2Nax̂2Naŷ!uf~kW !u2r2~2mW a1nW a2Nax̂2Naŷ!J .

~3.7!
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196 PRB 60IWAI, VOYLES, GIBSON, AND OONO
Discrete Fourier transformF@nW a,kW #$•••% is defined by Eq.
~2.16! and x̂ and ŷ are unit vectors parallel tox andy axes,
respectively.

~c! Calculate the third term in̂^I 2(kW )&&L from the spatial
average densityr̄1 and the atomic scattering factorf(kW ),

2
2

N2 (
jW
U f~kW !

N1/2 (
jW1

A~ jWa2 jW1a!r̄1eikW• jW1aU4

522„uf~kW !ur̄1…
4(

jW
uF@ jW1a,kW #$A~ jWa2 jW1a!%u4

~3.8!

( r̄1 is the spatial average density because spatial aver
have replaced ensemble averages!.

~4! Compute^^I 2(kW )&&L as the sum of Eqs.~3.3!, ~3.6!,
and~3.8!. Obtain^^I 2(kW )&&H by subtractinĝ ^I 2(kW )&&L from

^^I 2(kW )&& @Eq. ~3.2!#.
~5! Finally, obtain the eHSC by dividinĝ^I 2(kW )&&H by

^^I 2(kW )&&L .
The procedure to calculate the eHSC may appear com

cated, but the computational cost except for the Fou
transformation is not much larger than that for the NS
Therefore, the eHSC should be accessible experimen
without difficulty. As is demonstrated in the next section, t
extra computation cost of the Fourier transformation, wh
is not very heavy with the aid of the fast Fourier transform
tion algorithm, is worth paying.

IV. NUMERICAL DEMONSTRATION

To demonstrate the detecting power of the eHSC, we n
two samples with known subtle structural differences. It
almost impossible to use actual samples to this end, so
we give a detailed numerical demonstration of the sensiti
of the eHSC and the NSV. We investigate the behavior
these quantities as a function of the amount of randomn
the objective aperture reciprocal radiusQ, and the degree o
simulated experimental noise. The HSC is also studied
comparison with the eHSC and NSV, although the HSC
not obtainable from a single TEM image.

A. Model system

In order to investigate the sensitivity of the eHSC, NS
and HSC to subtle spatial structural changes, we cons
simple two-dimensional numerical specimens that are s
jected to small random structural perturbations. There are
atoms on a 434 square lattice in each specimen. This m
be considered to be the lattice unit cell of some material. T
position of one randomly selected atom is displaced sligh
in a random direction from the regular lattice point with t
remaining atoms unchanged. The absolute value of the
placement isD3 l 0, where l 0 is the lattice constant of the
434 square lattice and we chose five differe
D; 0.025, 0.05, 0.075, 0.1, and 0.2. We assumel 0
52.5 (Å), which is nearly equal to the average distance
tween nearest-neighbor atoms in metal silicon. The direc
of the displacement vector can assume any direction
es
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domly in a two-dimensional specimen. Since an atom ha
finite radius, the atomic density functionc is well approxi-
mated by the sum of 16 Gaussian profiles localized aro
the atom positions:

c~rW !5(
j 51

16
1

pw2
expH 2

urW2rW j u2

w2 J , ~4.1!

where rW j is the position of the center of thej th atom and

w50.5 ~Å! is assumed to be the Fourier transform of t
scattering factor half-width observed by diffraction expe
ments on a silicon crystal. The Debye-Waller factor is n
considered in our model, because it is the higher-order c
rection to TEM experiments.

For each value ofD, ten numerical specimens are pr
pared in order to make an ensemble of structures. We use
same random number sequence to make the ten speci
for eachD. Therefore, differences among sets of ensem
depend only on the difference ofD. The specimen is sample
on theN3N (N564) sampling lattice points for numerica
calculation. Therefore, the sampling lattice spacinga is
4l 0 /L510/64(Å). The periodic-boundary condition is use
for each specimen.

We choose eight radii of the objective aperture in rec
rocal space,Q between 0.132p and 0.0132p (Å 21). The
eHSC, NSV, and HSC are calculated for each set of (D,Q).

^^I && and ^^I 2&& are very simple with a few sharp peak
around the origin of thekW space and without significant de
pendence on (D,Q). They are not considered further in th
paper.

B. eHSC vs NSV

Figures 1~a! and 1~b! show a bird’s-eye view of the eHSC
and NSV on the two-dimensionalkW space. The center of th

FIG. 1. Bird’s-eye-view plots of~a! eHSC and~b! NSV for Q
50.132p andD50.05 on22p<kx , ky<2p.
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square in these figures is the origin of thekW space. We show
the region22p<kx ,ky<2p(Å 21) because the maximum
value of ukW u accessible to experiment is approximate
0.7532p (Å 21).2 In order to illustrate differences betwee
the eHSC and NSV, these quantities are normalized so
the difference between the maximum and minimum value
unity. In general, simple patterns are found in eHSC, wh
the NSV has very complex patterns.

The eHSC grows with the increase ofD. The NSV
changes in a complicated way, showing many small peak
the whole kW region. Consequently, the eHSC appears
change withD more systematically than the NSV. This ma
be due to the fact that the patterns in the eHSC for an alm
regular lattice (D.0) are much smaller than those forD
Þ0, while the patterns in the NSV forD50 are similar to
those forDÞ0.

In order to extract theD dependence we plot for eac
quantity the difference betweenD50.075,0.2 andD50.05.
Figures 2~a! and 2~b! show eHSC (D50.075,0.2)
2eHSC (D50.05). Figures 2~c! and 2~d! show the same
thing for the NSV. As the difference inD becomes larger
both the number and the heights of the peaks in both qu
tities increase. Thus, we may conclude that both the eH
and NSV can detect subtle random changes occurring in
space structures, although the eHSC shows the changes
clearly.

TheQ dependence of the eHSC and NSV are illustrated
Figs. 3~a!–3~d! in a similar way. Figures 3~a! and 3~b! show
eHSC (Q50.07532p,0.02532p)2eHSC (Q50.132p).
Figures 3~c! and 3~d! show the same thing for the NSV. Th
eHSC and NSV grow larger with the decrease ofQ, because
the range of correlations that is detected by the NSV
HSC increases with the decrease ofQ by definition. In other
words, the sensitivity of both quantities to subtle structu
changes is enhanced asQ becomes smaller. Therefore, a
though higher-order spatial correlations are not so impor
in our model, the capability to detect medium-range spa
correlation by both NSV and eHSC is expected to be
hanced by the decrease ofQ.

C. Stability of the eHSC and NSV against noise

We have also investigated the stability of the eHSC a
NSV against simulated experimental noise. Since the d
field-image intensityuU(kW ,rW)u2 is observed directly by TEM
experiments, it is natural to add noise touU(kW ,rW)u2. Uniform
random noise in@2Amp ,Amp# is added touU(kW ,rW)u2 and the
eHSC and NSV are calculated for various values ofAmp .
The eHSC and NSV become unstable against noise bey
someAmp which is denoted byAmp

c . With Q50.13p and
D50.1, Amp

c for the eHSC lies between 231022 and
731022, as can be seen by noting the formation of the la
features at the corners ofkW space with the increase of nois
amplitudes in Figs. 4~a! and 4~b!. Amp

c for the NSV is be-
tween 1023 and 231023, as seen in Figs. 4~c! and 4~d!.
Hence, the eHSC is significantly more stable against artifi
noise than the NSV.

We have found the same tendency for other sets (Q,D).
For (Q,D)5(0.532p,0.1), Amp

c for the eHSC is between
1022 and 231022, while that for the NSV is between 1024
at
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and 1023. Amp
c for both quantities becomes smaller with th

decreasingQ, because the sensitivity of both quantities
subtle spatial structural changes becomes better with the
creasingQ. However,Amp

c for the NSV is much smaller than
that for the eHSC.

In the case of (Q,D)5(0.132p,0.05), Amp
c for the

eHSC is between 431022 and 0.1. That for the NSV is
between 1024 and 1023. Although Amp

c for the eHSC is al-
most equal to that for (Q,D)5(0.132p,0.1), Amp

c for the
NSV becomes smaller asD becomes smaller.

FIG. 2. D dependence of the eHSC and NSV forQ50.132p
on 22p<kx , ky<2p. ~a! Difference between eHSC forD
50.075 and eHSC forD50.05. ~b! Difference between eHSC fo
D50.2 and eHSC forD50.05. ~c! Difference between NSV for
D50.075 and NSV forD50.05. ~d! Difference between NSV for
D50.2 and NSV forD50.05.
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In general, the improved stability of the eHSC again
noise occurs because it is more dominated by higher-o
correlation contributions than the NSV. The noise is not s
tially correlated and as a result effects primarily the low
order correlation functions.

D. HSC vs eHSC and NSV

The HSC is calculated directly from Eqs.~2.10!, ~2.12!,
and ~2.13!, that is, without the assumption, Eq.~2.14!. To

FIG. 3. Q dependence of the eHSC and NSV forD50.05 on
22p<kx , ky<2p. ~a! Difference between eHSC forQ5
0.07532p and eHSC forQ50.132p. ~b! Difference between
eHSC forQ50.02532p and eHSC forQ50.132p. ~c! Differ-
ence between NSV forQ50.07532p and NSV forQ50.132p.
~d! Difference between NSV forQ50.02532p and NSV for Q
50.132p.
t
er
-

-

compare theD dependence of the HSC with that of th
eHSC, we follow the same method used in Figs. 2~a! and
2~b!, as shown in Figs. 5~a! and 5~b!. The HSC also grows
with the increase ofD. The change in both number an
heights of peaks in the HSC withD is larger than that of the
eHSC. Therefore, the HSC appears to be an even b
quantity to detect subtle spatial randomness than the eH
It is not, however, currently experimentally accessible.

The Q dependence of the HSC is illustrated in Figs. 5~c!
and 5~d! in the same way as in Figs. 3~a! and 3~b!. We

FIG. 4. Noise stability of the eHSC and NSV forQ50.132p
and for D50.1 on 22p<kx , ky<2p. ~a! eHSC for Amp5
231022. ~b! eHSC forAmp5731022. ~c! NSV for Amp51023.
~d! NSV for Amp5231023.
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realize that the HSC is the most sensitive to the change oQ
among the eHSC, HSC, and NSV. The better sensitivity
the HSC to bothD and Q is reasonable given its exact re
moval of the lower-order correlation functions.

E. Sensitivity of the eHSC and NSV to change
in a random pattern

All the results discussed so far have been for a comple
regular underlying structure subject to a small perturbati

FIG. 5. Dependence of HSC onD andQ on the reciprocal space
22p<kx , ky<2p. D dependence of the HSC forQ5
0.132p is shown in~a! and ~b!. Q dependence of the HSC forD
50.05 is shown in~c! and ~d!. ~a! Difference between HSC forD
50.075 and HSC forD50.05. ~b! Difference between HSC fo
D50.2 and HSC forD50.05. ~c! Difference between HSC forQ
50.07532p and HSC forQ50.132p. ~d! Difference between
HSC for Q50.02532p and HSC forQ50.132p.
f

ly
.

To check that the sensitivity of the eHSC or NSV rema
intact for irregular structures we performed a similar d
placement detection simulation for a random structure p
pared by displacing every atom from the regular lattice p
sition by 0.33 l 0 in a random direction. To this basi
irregular configuration of atoms, a single atom is random
chosen and slightly displaced further~just as in the regular
lattice simulation above!. The displacement isD3 l 0 with
D50.05, 0.1, and 0.2. In Figs. 6~a! and~b!, the eHSC for the
random pattern are shown forD50.1 andD50.2 relative to
that forD50.05@in the same way as in Figs. 2~a! and 2~b!#.

FIG. 6. D dependence of the HSC and NSV forQ50.132p on
22p<kx , ky<2p in the case of random underlying structure.~a!
Difference between eHSC forD50.1 and eHSC forD50.05. ~b!
Difference between eHSC forD50.2 and eHSC forD50.05. ~c!
Difference between NSV forD50.1 and NSV forD50.05. ~d!
Difference between NSV forD50.2 and NSV forD50.05.



.
i

w
ec
yi

c
nc

rr
n
o

an
o

bo
te
e
e
m
re

d

SV,
ant
rily
b-

ect
ult
the

te

nd
the

tui-
c-
fu-

ce
7-

200 PRB 60IWAI, VOYLES, GIBSON, AND OONO
In Figs. 6~c! and 6~d!, the results for the NSV are shown
The degree of structural changes in these quantities is sim
to that in simulations using the regular sample. Thus,
conclude that the ability of the eHSC and NSV to det
subtle changes in a structure is independent of the underl
structure.

V. SUMMARY AND DISCUSSION

We have suggested the empirical higher-order speckle
mulant, an improvement to the normalized speckle varia
introduced by Treacy and Gibson,1 which better detects
subtle changes in spatial structures than the two-body co
lation function or the form factor. The newly proposed qua
tity, like the NSV, can be calculated solely from a series
dark-field TEM images.

We have numerically demonstrated the following.
~i! Patterns in both the eHSC and NSV grow with

increase in the random perturbation applied to both an
dered and disordered numerical specimen. Therefore,
the eHSC and NSV are much better quantities to de
subtle random structure changes than the two-body corr
tion function or the form factor. This is primarily becaus
both the eHSC and the NSV contain contributions fro
higher-order correlation functions, although they also
A:

st
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move the largekW50 features found in the average diffracte
intensity.

~ii ! The eHSC is more stable against noise than the N
so that the fine structures of the former are more signific
than those of the latter. This is because the noise prima
contributes to lower-order correlations, which are well su
tracted in the eHSC.

We also demonstrated that if we could remove the eff
of lower-order correlations exactly as in the HSC, the res
should be much more sensitive to both the magnitude of
displacementD and the resolutionQ than the eHSC and
NSV. Finding experimentally reliable methods to calcula
the HSC is one possible extension of this work.

The other important remaining problem is to understa
the correspondence between the actual structure and
eHSC. This is difficult because we do not have a good in
tive grasp of the underlying higher-order correlation fun
tions. We hope to develop such an understanding in the
ture.
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